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Abstract. The computational simulation nowadays consists of a great
tool assisting the learning process of complex mathematical calculations.
This informative article shows how the computational resolution of
differential equations supports this learning. Two different types of
computational resolution for differential equations are demonstrated:
explicit Euler's method and Runge-Kutta's fourth order method. The
programs were developed in C programming language. The results
obtained via both methods are compared with the respective analytical
solution (traditional); in these a low level of generated computational error
was perceived during their simulation, not compromising the methods.
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1 INTRODUCTION

Ordinary differential equations
appear with great frequency in models
that quantitatively describe natural
phenomena susceptible to mathematical
treatment from the most diverse
knowledge areas (Physics, Engineering,
Biology, Fluid Mechanics, etc.) [1]. The
complexity of an ordinary differential
equation solution resides in the fact that
it’s an expression that involves
simultaneously a function originally
unknown and its respective derivatives
[2] [3].

Normally, in the description of
any process (phenomena) more than one
independent variable can be associated
to it. Thus the differential equation is
denominated partial. However, when
it’s possible to make simplifying
considerations, the partial equation is
reduced to an ordinary differential
equation [4]. This way, as this author
describes, an ordinary differential
equation is an expression that
establishes the relation between a
function with its respective derivatives
according to the enforced initial
conditions.

2 OBJECTIVE

This informative article has as
objective the development of programs
in the C programming language to
facilitate the study and learning of
ordinary differential equations. This
article also intends to serve as the base
to numerical simulations of industrial
routines and physical phenomena
enabling the comprehension of these
extreme process situations.

3 REVISION

The C programming language was
created, influenced and tested in field

by professional programmers [5]. C is
the most spread language all over the
world  because it enables the
programmer to do what he wants: few
restrictions, few errors, structures
blocks, isolated functions and a compact
set of keywords. Given the fact of its
portability, it’s possible to reutilize the
developed source code, that is, the same
code can be compiled and executed in
other operating systems with little or no
modification. This saves time and
money. The generated code is extremely
compact and fast. C is used in all types
of programming works. Actually is
quite employed in the area of industrial
automation despite the complexity of its
structure.

One of the greatest problems of
automation in  general is to
mathematically describe determined
routines and posteriorly codify them in
a computer language that outputs the
most reliable results, inside an error
criterion pre-established. It’s important
that this generated code Dbe
representative of operational routines of
the industry. Commonly, when an
operational routine is simulated, it is
described in the form of ordinary
differential equations, due to the fact
that they propitiate the description of
the inherent phenomena of a given
process, to which is related one or more
variables simultaneously.

The verification of the efficacy of
the developed programs was done
comparing the obtained results through
the numerical simulation with the
obtained results of the analytical
solution (traditional, manual solution —
applying the different rules to the
solution of differential equations).
Doing so, it was possible to validate the
computational model developed as well
as to analyze the error produced by the
methods being simulated.

Two numerical methods used in



the resolution of ordinary differential
equations were used: explicit Euler’s
method and Runge-Kutta’s fourth order
method. Both methods are based in the
Taylor’s series formula and are of
simple step [1] [6] [7]. The difference
between them resides in the number of
steps taken when the point yn.1 is being
calculated. While the explicit Euler’s
method only uses the y, point in the
calculus of the y,.1 point, the Runge
Kutta’s fourth order method uses four
steps.

When it’s desirable to obtain the
numeric result of an ordinary
differential equation, what one wants to
identify is how the dependent variable
varies according to the change of values
of the independent variable. This
change of values that the independent
variable can assume is characterized as
the calculus mesh. Therefore, the
independent variable is divided in
equidistant points of analysis within a
pre-established interval.

The explicit Euler’s method is
described by the following formula, [1]
[6]1 [7]:

Yn+1 = Yn + hf(Xn, yn)

Equation 1

Where: yn«1 = mesh’s posterior
point; y, = mesh’s anterior point;
h = distance between the mesh’s points;
f(Xn, Yn) = equation being analyzed.

Figure 1 shows a delineation of
the explicit Euler’s method. Through
this picture it’s possible to see that the
computation error propagates in a
progressive fashion in the calculus mesh
since each point receives the value of
the anterior point with an inherent error
plus the computational error of the point
being calculated. To better the
conditions of this method one should
use derivatives of higher order to
augment its precision. However, it’s not

always possible because it involves
equations with complex derivatives.
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Figure 1. Explicit Euler’s
method characterization [3]

The local truncation error of the
explicit Euler’s method is from the
order of O(h?). The total error
originating from this method is
measured by the deviation of a point of
the solution’s curve with relation to the
point  encountered  through  the
computational numerical simulation —
approximated solution as can be seen in
Figure 1 [3].

Runge-Kutta’s ~ fourth  order
method is also based in Taylor’s
formula. However, to avoid the
utilization of many derivatives what
could make it more precise, the method
uses previous calculated points to get
the point yn+1. Figure 2 shows the points
where such calculus is done through the
Runge-Kutta’s fourth order method. In
this figure it’s possible to see that this
method recurs once in y, (point 1),
recurs twice in yu+12 (points 2 and 3)
and ultimately recurs once in yn+1 (point
4). Only after the calculation of each
one of these recurring points is that the
definitive point yn+; is obtained. The
Runge-Kutta’s fourth order method’s
formula is shown below.



Figure 2. Runge-Kutta's
fourth order method
characterization [8]
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Where: ki, kp, ks and ki
correspond to each one of the recurring
levels.

The truncation error generated by
this method is from the order of O(h%).
This makes this method more precise
than the explicit Euler’s method. The
total error is calculated similarly to the
described for the explicit Euler’s
method.

4 METHODOLOGY

A computational model requires
the evidence of its generated results
through some parameter. In this
informative article were used the
analytical solutions to verify the
precision of the developed model. This
way, the calculated errors were the
absolute and the relative in relation to
the analytical solution. The equations 3
and 4 show how these errors were
calculated [1].

EA = |Y'7|
Equation 3

E; = %xlOO

y

Equation 4

Where: Eap = absolute error;
Er = relative error (%); y = analytical
solution; y = numerical solution.

In  this informative article
algorithms were developed (explicit
Euler’s and Runge-Kutta’s fourth order)
to the resolution of first order ordinary
differential equations. This is due the
fact that second order differential
equations or of greater order can always
be transformed in first order differential
equation systems. This process is
always necessary when someone plans a
computational numerical approach since
almost all the code to generate
approximated numerical solutions of
differential equations are written to
systems of first order equations [7].

4.1 Programs

The source code and executable
files can be found online at:
http://lenielmacaferi.blogspot.com/

5 RESULTS

Two differential equations were
solved analytically and numerically
through the explicit Euler’s and Runge-
Kutta’s fourth order methods. The
precision of the developed models is
demonstrated graphically. Was admitted
a maximum computational error inferior
to 1% (or 0.01) to both ordinary
differential equations simulated in terms
of the two methods.


http://lenielmacaferi.blogspot.com/

5.1 Differential equation 1

ﬂzy’:x-y+2
dx

Equation 5

5.1.1 Initial conditions

y(0) = 2;
Interval [0; 1];
h=0.1.

5.1.2 Analytical solution (traditional)

General: y=x+1+Ce™
Particular: y=x+1+e™

5.1.3 Graphical solution

5.1.3.1 Explicit Euler’s method

Figure 3 shows the graphical solution in which are compared the results obtained
from the traditional analytical solution and the obtained from the computational
numerical simulation, all through the explicit Euler’s method to the first differential
equation analyzed.

We can see that the first obtained results from the computational numerical
simulation are coincident with the ones obtained through the traditional analytical
solution. However, as the algorithm progresses in the interval [0; 1] within the calculus
mesh, these results show a slight variation. This difference is occasioned by the
formulation of the explicit Euler’s method that only uses the anterior point to calculate
the subsequent point.
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Figure 3. Comparison between the results obtained from the traditional
analytical solution and from the computational numerical solution through the
explicit Euler’s method to the first differential equation analyzed (Equation 5).



Figure 4 shows the calculus mesh used, the respective obtained values from the
computational numerical simulation through the implemented algorithm for the explicit
Euler’s method and the generated errors in each point of the first differential equation
analyzed.
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Figure 4. Screenshot with the output results of the computational numerical

simulation through the explicit Euler’'s method for the first differential equation
analyzed (Equation 5).




5.1.3.2 Runge-Kutta’s fourth order method

Figure 5 shows the graphical solution in which are compared the results obtained
from the traditional analytical solution and the obtained from the computational
numerical simulation, all through the Runge-Kutta’s fourth order method to the first
differential equation analyzed.

It’s notable that Runge-Kutta’s fourth order method adapted well to the calculus
mesh since there wasn’t significative difference between the obtained results through
the computational numerical simulation and the ones obtained through the traditional
analytical solution.
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Figure 5. Comparison between the results obtained from the traditional
analytical solution and from the computational numerical solution through the
Runge-Kutta's fourth order method to the first differential equation analyzed
(Equation 5).



Figure 6 shows the calculus mesh used, the respective obtained values from the

computational numerical simulation through the implemented algorithm for the Runge-

Kutta’s” fourth order method and the generated errors in each point of the first

differential equation analyzed.
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Figure 6. Screenshot with the output results of the computational numerical
simulation through the Runge-Kutta’'s fourth order method for the first differential

equation analyzed (Equation 5).



5.2 Differential equation 2

ﬂ:y/:e—Zx_Zy

dx
Equation 6

5.2.1 Initial conditions

y(0) = 1;
Interval [0; 1];
h =0.05.

5.2.2 Analytical solution (traditional)

General: y=e™(x+C)

Particular: y=e™(x+1)

5.2.3 Graphical solution

5.2.3.1 Explicit Euler’s method

Figure 7 shows the graphical solution in which are compared the results obtained
from the traditional analytical solution and the obtained from the computational
numerical simulation, all through the explicit Euler’s method to the second differential
equation analyzed.
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Figure 7. Comparison between the results obtained from the traditional
analytical solution and from the computational numerical solution through the
explicit Euler’s method to the second differential equation analyzed (Equation 6).



Figure 8 shows the calculus mesh used, the respective obtained values from the
computational numerical simulation through the implemented algorithm for the explicit
Euler’s method and the generated errors in each point of the second differential equation
analyzed.
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Figure 8. Screenshot with the output results of the computational numerical
simulation through the explicit Euler's method for the second differential equation
analyzed (Equation 6).




5.2.3.2 Runge-Kutta’s fourth order method

Figure 9 shows the graphical solution in which are compared the results obtained
from the traditional analytical solution and the obtained from the computational
numerical simulation, all through the Runge-Kutta’s fourth order method to the second
differential equation analyzed.
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Figure 9. Comparison between the results obtained from the traditional
analytical solution and from the computational numerical solution through the
Runge-Kutta's fourth order method to the second differential equation analyzed

(Equation 6).



Figure 10 shows the calculus mesh used, the respective obtained values from the
computational numerical simulation through the implemented algorithm for the Runge-
Kutta’s” fourth order method and the generated errors in each point of the second
differential equation analyzed.
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Figure 10. Screenshot with the output results of the computational numerical
simulation through the Runge-Kutta’'s fourth order method for the second
differential equation analyzed (Equation 6).




6 CONCLUSION

Through the results presented, it
was observed that the developed
programs to both explicit Euler’s and
Runge-Kutta’s fourth order methods
adapted to the behavior description of
different differential equations in the
given calculus mesh. It was found that
Runge-Kutta’s fourth order method
generates punctual errors of smaller
value if compared to explicit Euler’s
errors for both simulated differential
equations.

Other first order differential
equations can be analyzed through the
numerical model here presented. In the
same way it’s possible to describe
industrial process’s routines or any
other physical phenomena susceptible to
mathematical treatment in the mold of
differential equations and numerically
simulate their respective behavior so
that these serve as a comprehensible
tool to future evaluations. Anyway, it’s
necessary a perfect study in topics
related to the characterizations of a
working routine aiming at the
description of such routine in the form
of a differential equation.
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